Introduction.
In this paper, we address the question of lifting vector bundles to Witt vector bundles. More precisely, let p be a prime number, and let S be a scheme of characteristic p. For any n ≥ 2, denote by W n (S) the scheme of Witt vectors of length n, built out of S. The closed immersion S ֒→ W n (S) can be thought of as a natural thickening of S, of characteristic p n . Let V be a vector bundle over S.
Question: is V the restriction to S of a vector bundle defined over W n (S)?
We give a positive answer to this question, provided S possesses an ample line bundle, with Theorem 3.7. Our strategy consists in first dealing with the particular case S = Gr(m, d) ( Grassmannian variety over F p ), and V is its tautological vector bundle (see Theorem 3.5). The construction we offer there is canonical. We finish by Corollary 3.9. Roughly speaking, it ensures the existence of an extension of V , to any prescribed lift S of S of characteristic p n -up to Frobenius pullback.
2. Witt-Frobenius modules and W n -bundles.
In this section, unless otherwise stated, all sheafs (and local properties) are considered with respect to the Zariski topology-which is, surprisingly at first glance, sufficient here. We fix a scheme S, of characteristic p. For each integer n ≥ 1, and for each commutative ring A of characteristic p, we denote by W n (A) the ring of Witt vectors of A, of length n. Note that W n itself might be considered as a ring scheme defined over Z, isomorphic, as a scheme, to the n-dimensional affine space A n . For details on the construction of Witt vectors (adopting different
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viewpoints), we refer to [BO] , [Ha] , [Le] , and [Se1] . For a simple definition of Witt vectors, using divided powers of Z-modules, see also [DCF] .
The following Definition is classical. It originates from Serre's paper [Se2] .
Definition 2.1. Let n ≥ 1 be an integer. The association
defines a sheaf of commutative rings on S. We denote it by W n (O S ). As a sheaf of sets, it is represented by the n-dimensional affine space A n S ; it is thus also a sheaf for the fppf topology. If m ≤ n is a positive integer, we denote by
the quotient morphism (of sheaves of commutative rings on S).
Definition 2.2. Let n ≥ 1 be an integer. The association
× defines a sheaf of Abelian groups on S. It is an affine and flat S-group scheme, which we denote by W × n,S , or simply by
The Teichmüller representative is given by the formula
It is a homomorphism of S-groups schemes; a canonical splitting of the natural quotient map W × n+1 −→ G m . Definition 2.3. Assume that S = Spec(A) is affine. Let n ≥ 1 be a positive integer. Let M be a W n (A)-module, of finite presentation. The formula
defines a presheaf (for the Zariski topology) on S. We denote byM the associated sheaf. It is a sheaf of W n (O S )-modules. Let n ≥ 1 be two positive integers. A Witt-Frobenius Module of height n, over S is a sheaf of W n (O S )-modules, which is locally isomorphic to a sheaf of the shapẽ M (cf. Definition 2.3). When no reference to its height is necessary, a Witt-Frobenius Module will simply be referred to as a WtF-Module.
Definition 2.5. (W n -bundles). Let r, n ≥ 1 be two positive integers. A W n -bundle over S, of rank r, is a WittFrobenius Module of height n, which is locally free of rank r; in other words, which is locally isomorphic to W n (O S ) r .
Remark 2.6. A Witt-Frobenius Module of height 1 (resp. a W 1 -bundle) over S, is nothing but a coherent O S -module (resp. vector bundle).
Definition 2.7. Let n be a positive integer. Let V/S be a W n -bundle over S. Let m ≤ n be a positive integer. We denote by
We conclude this section by an instructive exercise on Witt vectors and their topological behaviour. For the author of the present text, question 4) below is harder than the others and we refer to [BLM, 5.4 .1] and [BMS, Theorem 10.4] or [Il, Proposition 1.5 .8] for a proof. A good starting point for the reader interested in studying Frobenius base change phenomena is [Sz] .
Exercise 2.8. Assume that A is a ring of characteristic p. 1) Show that W 2 (A) is Noetherian if, and only if, A itself is Noetherian, and the Frobenius morphism Frob : A −→ A is finite. 2) Assuming that the equivalent conditions of 1) hold, show that W n (A) is Noetherian for all n ≥ 2. 3) Let f be an element of A. Show that the natural map
is an isomorphism. 4) Let f : A −→ B be anétale morphism (of commutative rings of characteristic p). Show that
isétale, for every n ≥ 2. 5) Give an example of a finite flat homomorphism
Lifting towers.
Definition 2.9. Let V /S be a vector bundle, of constant rank d. A (complete) lifting tower for V is the data, for every r ≥ 1, of a W r -bundle V r on S, together with isomorphisms (of W r -bundles)
Remark 2.10. The notion of a lifting tower for V is the same as that of a lift of V to a W ∞ -bundle, where
Our definition is here to emphasize the following (classical) philosophical statement. To lift a vector bundle to a W ∞ -bundle is a highly nonabelian problem, whereas lifting a W r -bundle to a W r+1 -bundle is an Abelian problem-equivalent to the vanishing of some class in a second cohomology group. To prove our Lifting Theorems, we shall proceed step by step, as slowly as possible. We hope that this loose remark will acquire a precise meaning through reading this paper.
3. Existence of (canonical) lifting towers for vector bundles.
In this section, S is a scheme of characteristic p. Hypothesis will be made on S, when necessary.
3.1. The Teichmüller representative lifts line bundles.
Definition 3.1. Let L be a line bundle over S. Denote by P the corresponding G m -torsor over S. Let n ≥ 1 be an integer. Then
Remark 3.2. Note that, for a group scheme G, twisting G-schemes by G-torsors usually requires extra hypothesis-e.g. quasiprojectivity. Here however, no assumption on S is needed, since line bundles are locally trivial for the Zariski topology. Now, consider the quotient map
and the natural exact sequence (of sheaves of Abelian groups on S)
A short meditation on the formula
valid for all x ∈ W n+1 (O S ) and all y ∈ O S , reveals that the twist by P n+1 of this exact sequence reads as
is the n-th power of the (absolute) Frobenius of S.
The surjection π n : W n+1 −→ W n has a canonical (scheme-theoretic) section
. . , x n , 0). This section is G m -equivariant, for the G m -action on W n (resp. on W n+1 ) given by τ n−1 (resp. τ n ). Twisting by P then yields a canonical
Similarly, twisting the (perhaps less useful) exact sequence
Exercise 3.3. Let V be a finite-dimensional vector space over a -perfect-field k, of characteristic p. On the base S := P k (V ), we have the natural exact sequence
Show that the exact sequence of W 2 (k)-modules obtained by taking its global sections is canonically isomorphic to the exact sequence 
where V i is a vector bundle of dimension i. For i ∈ I, V i gives rise to a rank i tautological vector bundle
The next Theorem is the key result of this paper.
Theorem 3.5. Here S = Spec(k), where k is a field of characteristic p. Let m be an integer, with 0 ≤ m ≤ d. Choose a lifting tower of the k-vector space V , i.e. a free W(k)-module V, together with an isomorphism of k-vector spaces
This data then determines a canonical lifting tower (up to canonical isomorphism) of the tautological bundle T m , on the Grassmannian F m (V ).
Proof.
We proceed by descending induction on m. The starting case m = d holds by assumption. We assume the result holds for T m+1 , on F m+1 (V ). Let us show it for T m , on F m (V ). Note first that the projective bundle
is canonically isomorphic to the forgetful morphism
This fact is best understood through meditating on the commutative diagram
is the second forgetful morphism-or equivalently, the Grassmannian
The notation O(1), in the diagram above, reflects the fact that we choose here the first identification
By the induction hypothesis, T m+1 admits a canonical (up to canonical isomorphism) lifting tower (T m+1,r ) r∈N , on F m+1 . Then, h * (T m+1,r ) r∈N is a canonical lifting tower for h * (T m+1 ), on F m+1,m . Assume that we have lifted the extension E (over F m+1,m ) to an extension
We would like to lift it one step further, i.e. to find a W r+1 -bundle T m+1,r+1 on F m+1,m , fitting into a commutative diagram
This is equivalent to lifting the injection i r to an injection i r+1 . Equivalently, viewing i r as a global section of h * (T m+1,r )(−1), we would like to lift it through the epimorphism of the exact sequence (of Zariski sheaves on F m+1,m )
The obstruction to do so is a class
Twisting the exact sequence E, we get an exact sequence
Applying (f m+1,m ) * , we get an exact sequence
Using Leray's spectral sequence (for f m+1,m = f m • g) and the projection formula, we compute:
By the usual computation of the cohomology of projective space, this group van-
If on the contrary dim(K m ) = 2, Serre's computation of the cohomology of P 1 -bundles (together with the projection formula) yields
is a vector bundle on F m (V )-whose precise tensorial description above is in fact superfluous for our purpose. The element c thus corresponds to a global section s of W. To show its vanishing of is then the same as to show its vanishing at each closed point of F m (V ). Replacing k by a finite extension, we are thus reduced to the case d = 2, m = 0-a trivial one, for sure.
So far, we have shown that the extension E r can be lifted to an extension E r+1 , through lifting i r to
Our last task, to complete the induction step, is to show unicity. Note that unicity of the diagram D would be too strong (and actually does not hold). Proceeding by induction on r again, we just need unicity (up to canonical isomorphism) of the extension
extracted from the diagram D. The element i r+1 , built from i r , is determined up to addition of an element of
The exact sequence
Cheking unicity is then a standard exercise in algebra.
To finish the proof, it remains to transfer the lifting tower (U m,r ) r≥1 of g * (T m ) (living over F m+1,m ) to a lifting tower (T m,r ) r≥1 of T m , living over F m . To do so, we simply set T m,r := g * (U m,r ), and use the next Lemma.
Lemma 3.6. Let V and W be vector bundles over S. Denote by
Then, (T r ) r≥1 is a lifting tower of V , over S.
Proof. Note first that the equality g * (W r (O P(W ) )) = W r (O S ) is obvious, remembering that W r is represented by the affine space A r . To check the statement is a Zariski-local question on S. We may thus assume that S is affine, and that V = O d S is 'the' trivial vector bundle of rank d.
We then have to two (a priori distinct) lifts of g * (V ) to a W 2 -bundle: U 2 , and the trivial W 2 -bundle W 2 (O S )
d . These fit into extensions (of WtF-modules)
and
The class of their difference (using Baer sum), in
is actually split. Indeed, locally on P(W ), the W 2 -bundle U 2 is trivial (i.e. isomorphic to W 2 (O) d ), so that the extensions E and E ′ are locally isomorphic. Hence, their difference F is locally a split extension, which implies that it is (globally) a honest extension of O P(W ) -modules, whose class belongs to
(to get this vanishing, use the projection formula, R 1 g * (O P(W ) ) = 0, and remember that S is affine). The claim follows. Using the projection formula, together with the equalities
we get the exact sequence (of WtF-modules on S)
Since g * (E ′ ) = g * (E), we get that T 2 = g * (U 2 ) is 'the' trivial lift of V to a W 2 -bundle. The proof of the Lemma is then an induction on r, repeating the arguments above.
3.3. Lifting vector bundles on quasi-projective schemes. We are now ready to state and prove the main Theorem of this paper.
Theorem 3.7. Let S be a quasi-compact scheme of characteristic p. Assume that there exists an ample line bundle L/S. Let V /S be a vector bundle, of arbitrary constant rank m. Then, V /S admits a lifting tower.
Proof. Note first that the case of line bundles has been (canonically!) dealt with in Section 3.1. For the general case, replacing L by a positive tensorial power L ⊗n , we can assume that V ⊗ L is generated by a k-vector space W ⊂ H 0 (S, V ⊗ L) of global sections, finite-dimensional, of dimension d. In other words, V ⊗ L is a pullback, by a morphism S −→ F m (W ), of the tautological bundle T m on F m (W ). By Proposition 3.5, T m admits a (canonical) lifting tower, so that V ⊗ L admits a lifting tower, too. Denote it by (Z r ) r≥1 . Now, by Section 3.1, the line bundle L admits a (canonical) lifting tower (W r (L)) r≥1 . Then,
is a lifting tower for V /S, and we are done.
Remark 3.8. It is clear from the proof above, and from the canonical aspect of Theorem 3.5, that the following stronger result holds-for S/Spec(k) projective. The choice of an ample line bundle L on S provides a canonical lifting tower, for any vector bundle V on S.
Corollary 3.9. Let n ≥ 2 be an integer. Let X be a quasi-compact scheme of characteristic p n . Denote by X its reduction mod p. Assume that there exists an ample line bundle on X. Let V /X be a vector bundle. Then, (Frob n−1 ) * (V ) admits a lift to a vector bundle V on X .
Proof. Using Lemma 3.10, we have a factorization
Thus, the existence of an extension of V to (a vector bundle over) X implies that of an extension of (Frob n−1 ) * (V ) to X . We can then apply Theorem 3.7 to conclude.
Lemma 3.10. Let n ≥ 1 be an integer. Let X be a scheme of characteristic p n . Denote by π : X := X × (Z/p n Z) F p −→ X its reduction modulo p; it is a closed immersion. Then, there exists a canonical morphism
where Frob : X −→ X is the absolute Frobenius of X, and where
is the natural closed immersion.
